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Table 3 Parametric study involving sensors: experimental and
theoretical results, ratio of closed- over open-loop rms values (%)

CL1 CL2 CL3
Frequency
band, Hz A2 SG3 A2 SG3 A2 SG3

FC1
5–25 97.1 99.7 70.3 69.4 64.8 70.0

(98.2)a (99.3) (71.7) (75.9) (68.2) (74.5)
25–100 82.6 92.6 57.8 42.5 84.9 67.2

(81.6) (87.5) (53.0) (42.0) (86.2) (72.8)
5–100 83.3 98.8 58.5 66.7 84.9 69.6

(82.3) (97.7) (53.9) (72.0) (85.5) (74.2)
FC3

5–25 97.0 98.0 93.3 91.7 92.4 93.0
(97.0) (98.9) (93.4) (94.0) (95.9) (95.0)

25–100 81.8 90.0 86.9 82.0 94.1 87.6
(79.6) (92.2) (86.2) (79.9) (95.6) (86.5)

5–100 83.1 97.6 87.3 91.3 93.9 92.8
(81.1) (98.5) (86.7) (93.3) (95.6) (94.5)

FC5
5–25 98.0 98.0 92.3 91.7 93.0 92.6

(99.5) (99.9) (93.4) (94.0) (92.5) (96.2)
25–100 88.0 95.3 86.9 82.0 98.2 92.4

(88.7) (94.4) (86.2) (79.9) (95.1) (88.5)
5–100 88.3 97.7 87.3 91.3 98.0 92.6

(89.1) (99.3) (86.7) (93.3) (95.0) (95.4)

a(Expected values).

those obtained for mode 2. The best results were obtained when the
signal from SG3 was used in the feedback loop, as in case of CL2
and CL3, con� rming the initial predictions. Note that CL1 was in
the case of FC1 limited in gain to guarantee the controller stability.

The most severe, FC6 was the last to be tested. Because of the ac-
cumulative fatigue of the hardware (piezoelectricelements), several
attempts to close the loop with the MIMO controller were unsuc-
cessful. During each attempt, an actuatoron the upper group failed,
resulting in a system automatic shutdown.The apparent reason was
the proximity of these actuators to the most stressed region of the
� n, near the load cell. Therefore,a single input/singleoutput (SISO)
controller was designed for commanding only the lower group of
actuatorsto reducebuffetingin the � rst bendingmode of the tail dur-
ing a closed-loop run at FC6. When feedback from accelerometer
A2 and a nominal gain setting to increase chances of success were
used, this SISO controller reduced the rms strain at SG3 by approx-
imately 3% in the frequency range of 10–20 Hz. Between 0 and
100 Hz, the rms strain at SG3 was reduced by approximately2.5%.

Conclusions
A full-scale aircraft instrumented to reduce buffet loads was

tested. The test represents an important step in the development
of adaptive smart structures systems. Two groups of actuators con-
sisting of piezoelectricelements distributed over the structure were
designed to achieve authority over the � rst and second modes of the
vertical � n.

Very promising results were obtained in parametric studies using
differentsensors in a two input/two output controllerusing the stan-
dard time-invariant linear quadratic Gaussian control law design.
Based on the most important performance metric, the strain gauge
located at the critical point for fatigue, vertical � n buffet attenuation
of 57.5% (mode 2) and 33.3% (modes 1 and 2) for the nominal FC
were observedduring the tests.Also, attenuationof 18.3% (mode 2)
and 8.7% (modes 1 and 2) were veri� ed for the next most severe
buffeting case. In general, the CL that included at least one strain
gauge in the feedback loop revealed better performance. This is an
indication that strain gauges can be better correlated to the con-
trol objective, which is to reduce the structural strain generated by
buffeting.
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Introduction

D IGITAL redesign is an approach to design of a discrete-time
(DT) controllervia conversionof a continuous-time(CT) con-

troller. There are some advantagesof the digital redesign:First, a lot
of designmethodsare availableforCT controllerdesign.Second, the
behavior of CT systems can be physically more easily understood,
which makes analysis and synthesis of CT control systems simpler
without being bothered with selection of sampling periods. Third,
changing the sampling period does not require total redesign of the
control system, but just requires conversionof the CT controller for
a new sampling period. In addition, intersampling behavior, which
is sometimes overlooked in the direct DT controller design, can
be taken into account. Particularly, digital redesign methods that
preserve the closed-loop characteristics of the original CT control
systems1¡7 are more effectivefor larger samplingperiods thanopen-
loop redesign methods such as Tustin’s (see Ref. 8). We proposed
a closed-loop digital redesign method for one-degree-of-freedom
dynamic compensators7 based on the principle of equivalent areas
(PEA).9 In this Note, we present a digital redesignmethod for a lin-
ear state-feedback control law also based on the PEA. That is, the
DT input is determined so that the integral of the closed-loop CT
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input over one sampling period can be equal to that of the DT one,
where the zero-order hold is utilized for hold operation. With this
idea we derive DT feedback and feedforward gain matrices from
the step average model7 of the CT closed-loop system, which is a
DT model that satis� es the PEA for the CT model, and mention
some features of the redesigned control law. The redesign method
yields exactly the same results as a different approach in Ref. 5 in
the case of N D 1. In Ref. 5, the CT closed-loop state euation for
a piecewise-constant reference input is discretized using a Cheby-
shev quadrature formula to discretize the contribution of the CT
feedback input. Then the DT gain matrices are determined so that
the discretized state equation agrees with the state equation of the
DT control system. The same results are also obtained in Ref. 6 us-
ing the improved block-pulsefunction. It is also found that the PEA
holds in a pulse-width-modulation (PWM) control law derived from
the DT or pulse-amplitude-modulation (PAM) control law, provid-
ing results with a good agreement between the PAM and PWM
control systems in terms of time responses of the states.5;10 Thus,
the PEA is an attractive and effective idea in control input conver-
sion from CT to DT as well as PAM to PWM. An applicationof the
linear state-feedbackdigital redesign and PWM control methods to
spacecraft motion control is shown in Ref. 11.

DT Models and PEA
Step Invariance DT Model

Consider a CT linear time-invariant (LTI) system described by

Px.t/ D Ax.t/ C Bu.t/; A 2 Rn £ n ; B 2 Rn £ r (1)

y.t/ D Cx.t/ C Du.t/; C 2 R p £ n ; D 2 R p £ r (2)

where x.t/ 2 Rn, u.t/ 2 Rr, and y.t/ 2 R p are state, input, and output
vectors, respectively,and A, B, C, and D are constant matrices. The
step invariance model of the CT system for a sampling period T is
de� ned as

"xd.kT/ D [xd.kT C T / ¡ xd .T /]=T D ASxd.kT/ C BSud.kT/ (3)

yd .kT/ D Cxd .kT/ C Dud .kT/ (4)

for a piecewise-constant input u.t/ D ud.kT/ for kT · t · kT C T,
where AS D .eAT ¡ In/=T ,

BS D 1
T

Z T

0

eA½ d½B

and " is the delta operator de� ned as " D .z ¡ 1/=T using the shift
operator z. In is an n £ n identity matrix. When a function E.A; T /
is de� ned as

E .A; T / D
1X

n D 0

.AT /n

.n C 1/!

AS and BS can be written as AS D E .A; T /A D AE.A; T / and BS D
E.A; T /B, respectively.

Step Average Model7

The mean value Qyd .kT/ of the CT system’s output over the sam-
pling period is given by

Qyd.kT/ D 1
T

Z T

0

y.kT C m/ dm D C ¢ E .A; T /xd.kT/

C

(
D C 1

T
C

Z T

0

m E.A; T / dm B

)
ud .kT/

D C ¢ E.A; T /xd.kT/ C
»

D C 1
T

CA¡2
¡
eAT ¡ In

¡ AT
¢
B

¼
ud.kT/ :D QCxd .kT/ C QDud .kT/ (5)

Note that the state equation of this model is the same as that of the
step invariancemodel describedby Eq. (3). Let us call the DT model
described by Eqs. (3) and (5) the step average model.

PEA
Consider a DT input ud.kT/ associated with a CT control input

u.t/ that satis� es the following equation:

ud .kT/ D 1
T

Z kT C T

kT

u.t/ dt (6)

Equation (6) de� nes the PEA. It is shown using the mean value
theorem that the DT control input reproduces time responses of
the states to the CT control input with a good precision; that is, the
difference between the CT and DT states at t D kT C T is of the
order of T 2 (Ref. 7).

Digital Redesign Based on PEA
In open-loop digital redesign methods such as Tustin’s, a very

fast sampling rate is often required to guarantee stability and good
control performance.However, digital redesign methods that allow
a larger sampling period are desired to relax a high-performancere-
quirement for onboard computers. As alreadymentioned,generally
closed-loop redesign methods are superior to open-loop ones for
larger sampling periods in stability and performance.The proposed
method is of the closed-loop type.

Suppose that for a CT plant described by Eqs. (1) and (2) a CT
state-feedbackcontrol law

u.t/ D Fx.t/ C Gr.t/ (7)

is given,where F andG are constantmatricesand r.t/ is a piecewise-
constant external input, that is, r.t/ D rd .kT/ for kT · t · kT C T .
The CT plant-input transfer function H.s/, which is a closed-loop
transfer function from the external input r.t/ to the control input of
the plant u.t/, can be written as

H.s/ D F.sIn ¡ A ¡ BF/¡1BG C G (8)

Let us assume that the zero-order hold is used in application of DT
plant-input ud .kT/. If the DT input ud.kT/ is determined to satisfy
Eq. (6) for the CT control input of Eq. (7) in the feedback form
or Eq. (8) in the closed-loop form, then by replacing A, B, C, and
D in Eq. (5) by A C BF; BG; F, and G, respectively, the DT control
law is given by

ud .kT/ D Fd xd.kT/ C Gdrd.kT/ (9)

where, de� ning Ac D A C BF,

Fd D FE.Ac; T / (10)

Gd D G C .1=T /FA¡2
c

¡
eAc T ¡ In ¡ Ac T

¢
BG

D
©
Ir C FA¡1

c [E.Ac; T / ¡ In ]B
ª
G (11)

The gain matrices Fd and Gd are exactly the same as Kdr and Edr

for N D 1 in Ref. 5 and Kd and Ed in Ref. 6, respectively. The
derivationof the redesignedgain matrices in Ref. 6 is also based on
Eq. (6). However, we insist that Eq. (6) or he PEA be a general rule
for digital redesign and that the DT system that satis� es the PEA be
described as a step average model.

This digital redesign method has the following features:
1) As T ! 0, the obtained gains become the original CT ones.
2)Althoughthe redesignedclosed-loopsystemmatrixAS C BSFd

is different from the desired one .eAc T ¡ In/=T, the � rst-order ap-
proximationof the sampling period is achieved in the delta form. In
fact, from the Taylor series expansion around T D 0, it follows that
¡
eAc T ¡ In

¢¯
T ¡ .AS C BSFd/ D ¡ABFAcT

2
¯

12 C R.T 3/ (12)

where R.T 3/ denotes the error of the order of T 3. This feature
provides stability for relatively large sampling periods.

3) If the redesigneddigitalcontrolsystemis stable, thenDT steady
states are equivalent to CT steady states, that is,

xd.1/ D ¡.AS C BSFd/¡1BSGd

D ¡.Eo A C EoBFEc/
¡1EoB

©
Ir C FA¡1

c .Ec ¡ In/B
ª
G

D ¡.A C BFEc/
¡1fAc C BF.Ec ¡ In/gA¡1

c BG

D ¡A¡1
c BG D x.1/ (13)
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Fig. 1 Time histories of states and inputs.

where Eo D E.A; T / and Ec D E.Ac; T /:

Numerical Example
The effectiveness of the redesigned control law is illustrated by

a simple numerical example. Let us consider a CT–LTI system de-
scribed by Eq. (1) with

A D
µ

0 1

0 0

¶
; B D

µ
0

1

¶
(14)

The feedbackgain matrix F D [¡1 ¡1:4] gives the closed-loopsys-
tem a second-orderdynamics with a damping ratio 0.7 and a natural
frequency1 rad/s. For a sampling time T D 0:5 s and the feedforward
gain matrix G D 1, the DT gain matrices are computed by Eqs. (10)
and (11) as

Fd D ¡[0:6898 0:1624]; Gd D 0:6898 (15)

Figure 1 shows time histories of the states and control input of the
CT and DT closed-loop systems for a step input r.t/ D 1. The DT
state responsesagree with the CT ones very well, and it can be seen
that the DT control input satis� es the PEA in each sampling period.

Conclusions
A digital redesign method for the linear state-feedback control

law is derived based on the PEA. The effectiveness of the DT con-
trol law is illustrated through a numerical example. The redesigned
control law is the same as the one derived by other approaches. As
mentioned in the Introduction, however, the PEA also plays an im-
portant role in redesign of one-degree-of-freedom controllers and
conversion of PAM inputs into PWN inputs. These characteristics
of the PEA imply that the PEA is an underlying idea generally ap-
plicable to control-input redesign, and the analysis using the mean
value theorem explains why it does work.
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Introduction

T HIS Note presents the robust autopilotdesignfor missile track-
ing problem employing variable structure control (VSC) with

a power rate reaching law. VSC systems (VSCS) have been exten-
sively studied in the literature over the past 40 years.1¡3 VSC with
sliding mode (SM) is a robust nonlinear control for controlling un-
certain plants. Robustness is the most important virtue of VSCS. A
VSC is characterizedby a discontinuousfeedback control structure
that is switchedas the systemstate crossescertainuser speci� ed sur-
faces called switching surfaces (SS) or sliding surfaces.The control
strategy is selected to steer the system state trajectory from any ini-
tial state onto the SS and thereafter to constrain the state trajectory
motion in theclosevicinityof theSS. This results in a reduced-order,
surface-dependentsliding motion that is insensitive to disturbance
and parameter variations.Assuming all states are available,a linear
SS ¾ [x.t/] is used in the present work. Chattering is an undesirable
feature of VSC, and it can be eliminatedby the continuationmethod
or by the reaching law method.4

Missile autopilots are designed to improve stability and perfor-
mance. The dynamics of the missile are nonlinear, time varying,
and coupled.5 Thukral and Innocenti present VSC design for a mis-
sile autopilot that uses both aerodynamic control and reaction jet
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